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Signed Arithmetic

CS 245 Assembly Language Programming
Signed Arithmetic

 

Text: Computer Organization and Design, 4th Ed., D A Patterson, J L Hennessy
Section 3-3.4
 

Objectives:  The Student shall be able to:

· Describe the difference and advantages of signed versus unsigned numbers.

· Use two methods to convert negative integers to binary.
· Select appropriate assembly language instructions to work with signed or unsigned numbers and explain why that instruction was selected.

· Add, subtract, multiply and divide in binary
· Determine whether overflow is likely to occur for signed and unsigned integer math.
 

Class Time:


Lecture – Signed/Unsigned Arithmetic
1 hour

Exercise




1 hour

Lab





1 hour


Lecture – Multiplication


1/2 hour


Exercise




1/2 hour

            Total                                                                4 hours

Review:  Signed & Unsigned Numbers
Assuming 1 byte:

	Binary
	Signed
	Unsigned

	00000000
	0
	0

	00000001
	1
	1

	00000010
	2
	2

	01111110
	+126
	+126

	01111111
	+127
	+127

	10000000
	-128
	+128

	10000001
	-127
	+129

	10000010
	-126
	+130

	11111110
	-2
	+254

	11111111
	-1
	+255


Unsigned integers

· Use when all numbers are POSITIVE.

· No overflow to negative numbers are possible then

Signed integers

· Use when numbers may be negative

· To create negative numbers, the high-order (top) bit is the signed bit.

· 0=Positive Number

· 1=Negative Number

Example:  Convert 10101010 to a signed 8-bit integer:

Method 1:  Powers of Two

· The sign bit (bit 7) indicates both sign and value:

· If top N bit is ‘0’, sign & all values are positive: top set value: 2N
· If top N bit is ‘1’, sign is negative: -2N
· Remaining bits are calculated as positive values:

10101010 = -27 + 25 + 23 + 21 = -128 + 32 + 8 + 2 = -86


01010101 = 26 + 24 + 22 + 20 = 64 + 16 + 4 + 1 = 85

Method 2:  Twos Compliment

· A positive number may be made negative and vice versa using this technique

· Method: Take the inverse of the original number and add 1.

Original:
01010101 = 85

10101011 = -85
invert:

10101010


01010100 
add 1:
 
            +1                                            +1

sum:

10101011 = -85

01010101 = 85
Sign Extension

Consider the following code:

barray:
.byte
1,0,-1


la
$s0,barray


lb
$t0,2($s0)

The register is 32 bits while 2($s0) is 1 byte.

Arithmetic (add/subtract/multiply/divide) always occurs with 32 bits

Sign extension fills in the high order bits as follows


0xff
(
0xff ff ff ff


0x01
(
0x00 00 00 01

Sign extension occurs with lb, lh instructions

To avoid sign extension, use ‘load byte unsigned’ (lbu) and ‘load halfword unsigned’ (lhu)


0xff
(
0x00 00 00 ff

0x01
(
0x00 00 00 01

Comparisons

Compare two numbers:

Which is greater? 

0xffffffff
<>
0x01
Set Less Than (slt)?
Signed Comparison:

0xffffffff
<
0x01
Use slt, slti

Unsigned Comparison

0xffffffff 
>
0x01
Use sltu, sltiu

Instruction: 
sltu
$t0,$t1,$t2
# set less than unsigned
· The branch pseudo-instructions assume signed comparisons: bgt, bge, blt, ble

· The following unsigned branch comparisons exist:


bgeu
$rsrc1, $rsrc2, label
# branch on >= unsigned


bgtu
$rsrc1, $rsrc2, label
# branch on > unsigned

bleu
$rsrc1, $rsrc2, label
# branch on <= unsigned


bltu
$rsrc1, $rsrc2, label
# branch on < unsigned

Addition

Addition in binary uses the carry similar to addition in decimal


Binary


Signed


Unsigned


B     1 0 1 0 1 0 1 0  
   -86


   170


B     1 1 1 1 0 0 0 0        -16                               240

B  1 1 0 0 1 1 0 1 0      -102                               410    # if 32-bit register

                                     -102                               154     # if 8-bit register

· It is possible to overflow if the magnitude of the sum exceeds the space available or (in signed arithmetic) to overflow into the sign.
· When overflow occurs, the processor can generate an exception

· The exception causes an interrupt which results in an immediate jal to an error-handling procedure

· The instruction causing the overflow is saved in the exception program counter (EPC)


Where overflow is possible
	Operation
	Operand A
	Operand B
	Result

	A + B
	>0
	>0
	<0

	A + B
	<0
	<0
	>=0

	A – B
	>0
	<0
	<0

	A – B
	< 0
	>0
	>=0


C/C++

C/C++ programs support both signed and unsigned numbers. 
C/C++ ignores overflow conditions, and thus compilers always use addu, addiu, subu. 

////////////////////////////////////////////////

// compare.c

// This program evaluates how signed and unsigned characters act in C++

////////////////////////////////////////////////

#include <iostream.h>

void main()

{

   unsigned char uc = 0;

   signed char sc = 0;

   // See set of possibilities for signed + unsigned arithmetic

   for (int i=0; i<300; i++) {

      cout << i << "
" << (int) uc << " + " << (int) sc 

           << " = " << uc+sc << endl;

      uc++;

      sc++;

   }

   // Now try an overflow

   cout << endl;

   uc = 255;

   sc = 127;

   cout << "Oflow" << "
" << (int) uc << " + " << (int) sc 

        << " = " << uc+sc << endl;

}

124
124 + 124 = 248

125
125 + 125 = 250

126
126 + 126 = 252

127
127 + 127 = 254

128
128 + -128 = 0

129
129 + -127 = 2

130
130 + -126 = 4

131
131 + -125 = 6

132
132 + -124 = 8

…

251
251 + -5 = 246

252
252 + -4 = 248

253
253 + -3 = 250

254
254 + -2 = 252

255
255 + -1 = 254

256     0 + 0 = 0

257     1 + 1 = 2

258     2 + 2 = 4
…

Oflow
255 + 127 = 382

Multiplication & Division

Examples:
                                                               11001


11001


111 / 10101111


    111


           111

11001


           0111

          11001                                         111
        11001                                                 111
       10101111                                            111
Multiplication

Multiplicand * multiplier = product

N-bit multiplicand * M-bit multiplier = N*M-bit product

Multiplication Instructions


mult     $rs,$rt

# hilo = $rs * $rt     // signed, with overflow


multu
$rs,$rt

# hilo = $rs * $rt     // unsigned, with overflow


mul      $rd,$rs,$rt  
# $rd = $rs * $rt      // without overflow
Multiplication with Signed Integers
· To multiply signed numbers convert both numbers to positive numbers, multiply, then correct the sign.

Hardware Implementation: Shift sum right and add to Mcand (if Mplier==1)


110010  + 11001
Sum1=Mplier1*Mcand + Mplier0*Mcand -> P0

110010 +   v

-> 1
Sum2=Mplier2*Mcand + Sum1                  -> P1
    0  +     v


-> 1
Sum3=Mplier3*Mcand + Sum2                  -> P2
0 +   v



-> 1
Division 

 





     Quotient

Dividend / Divisor = Quotient      or    Divisor | Dividend

Divident % Divisor = Remainder

Division Instructions:


div
$rs,$rt

# lo=$rs/$rt
hi=$rs%$rt
// signed


divu
$rs,$rt

# lo=$rs/$rt
hi=$rs%$rt
// unsigned

Hardware Implementation: Division:

· We can see whether the magnitude is big enough to subtract 

· Computers simply subtract, then test to see if the result is positive or negative.

· If a negative result, the equation is restored

111 / 10101111

         111

         neg

->0

         1010



           111

->1
           0111

             111

->1

                   1

               111

               neg

->0

                    11

                  111

                  neg

->0
                   111
                   111
->1
To speed up multiplication and division:

· Do multiple operations at once: shifting, adding, testing…
Signed Number Exercise – and Overflows
Use two methods to translate these binary numbers to signed 8-bit decimal integers:

0x80
	Find decimal value using powers of two
	Change sign using Two’s Compliment

	
	


0x80


Signed Value:


Unsigned Value:

0xff
	Find decimal value using powers of two
	Change sign using Two’s Compliment

	
	


0xff

Signed Value:


Unsigned Value:
Add the following 8-bit numbers and convert back to decimal.  Indicate where overflow occurs (assuming an 8-bit register).  Is the sum correct if adding signed integers?  If adding unsigned integers?

Binary

    Signed – Unsigned   Binary
      Signed - Unsigned

B 1 1 1 1 1 1 1 1  


B 1 1 1 1 1 1 1 1  

B 1 0 0 0 0 0 0 0


B 0 1 0 1 0 1 0 1
           B

   
 
            B

    =

Results should be:
Signed=



Signed=
Unsigned=



Unsigned=


Binary

    Signed – Unsigned   Binary
      Signed - Unsigned


B 0 1 0 1 0 1 0 1  


B 0 1 0 1 0 1 0 1  


B 0 1 0 1 0 1 0 1


B 1 0 0 0 0 0 0 0
            B

   

            B

   =
 

Results should be:
Signed=



Signed=
Unsigned=



Unsigned=
From what you have seen above, complete the following table:
	Where Overflow is a concern in Addition – Consider extreme values!
(Indicate Yes or No)

	
	Signed
	Unsigned

	Top bits: 0 + 0

	
	

	Top bits: 0 + 1

	
	

	Top bits: 1 + 1

	
	

	Top bits: 1 + 0

	
	


In the table below list three reasons you might want to use signed versus unsigned with MIPS (and/or C)
	Reasons for Using Signed
	Reasons for Using Unsigned

	
	

	
	

	
	


Working in the lab

I have posted a number of programs on my web page.   Each program tests the unsigned versus signed version of some instruction.  One instruction is commented out.  Run each program as is, then run the commented-out instruction instead.  Note the results of each different instruction below.  

Test 1: load.s

This program exercises two instructions:  lb versus lbu.  What does each instruction do differently?  Why?

Test 2:   test.s

This program tests two instructions:  slti versus sltiu.  What does each instruction do differently?  Why?

Test 3:  signedOF.s

This program adds two signed numbers 0x7fffffff using the addu instruction.  What do you expect the result to be?  What is the result in t0?   Did overflow occur?

Test 4: signedOFE:

This program adds two signed numbers 0x7fffffff using the add instruction.  After the add instruction completes, what is in $t0?  How does this test behave differently than the last test?  Why does add react differently?

Test 5:  unsignedOF.s

This program adds two unsigned numbers: 0xf0000000 using the addu instruction.  What would you expect the result to be?  What is the result?  What is the bltu instruction doing in this program?

Test 6:  mult.s
This program multiplies using three different multiply instructions.  What is happening with each instruction?  For which instruction(s) is overflow occurring?  Which instructions appear to work under which conditions?
Test 7: div.s

This program divides using two different divide instructions.  What is happening with each instruction?  For which instruction(s) is overflow occurring?  Which instructions appear to work under which conditions?

Multiplication & Division Exercise
1)  Multiply the following numbers together:


1010



1111


  101



1111

1a)  Product:            


Product:
1b)  # of Digits:


# of Digits:
1c)  Why is multiplying in binary so easy?

2)  Divide the following numbers to indicate the quotient:


1 0 1  /  1 1 0 0 1 0


1 1 1 1  /  1 1 1 0 0 0 0 1

3)  Now multiply decimal values:  -5 * 63  in binary.
Remember:  Multiply using positive values then correct the sign.

